—Chapter 3—

Functional Field
Integral
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3-1 Fermion Coherent States

GRASSMANN ALGEBRA

The eigenstates of the (non-Hermitian) Fock space operators ¢;
&ilw) = wil)
where ; is the eigenvalue.
Since {¢;, ¢} = 0 with i # j
{@ 5]'} P) = (6i6j + 6jéi)|l/)) = (lpilpj + ¢j¢i)|1/)> =0
=Y = -

Anticommuting eigenvalues are called Grassmann numbers which are

not ordinary numbers.

Grassmann algebra: define a set of 2N anticommuting variables
{tl_)i,ll)i},i = 1,2, ..., N, which satisfy the following conditions:
Vb + b =0
Vit =0
Yabj+ b =0
where ¥; and 1; are complex conjugate.
0OS:
Do not confuse Grassmann numbers with fermionic creation and
annihilation operators.

Thus, we obtain 1/Ji2 = 1/312 =0 and (ll)l -"llJN)* =Py Py

Functions of Grassmann variables:
1. One Grassmann variable ¥

F(P) = fo+ frb + fod® + fh® + -
Since Y% =0

f('l’) =fo+ 1Y

Similarly,
fW)=fo+fi )
2. Two Grassmann variables Y and ¥

A(lp' l/_)) =ay + a1 + a P + a Py
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(4) Differentiation: the derivative is identical to the ordinary derivative
except that the variable has to be adjacent to the derivative operator,

0 , - 0 _

oy (W) =55 (-v) = -
0 _ _
—_A('l’;'l’) =a; — a;pyP

——A('l’ 1/’) =a; +ay

d d

6_1,56_1/]‘4(1!’1!’) = 6155514(1!”!))

009 00
AT

= Two derivative operators anticommute.
Integration: the Grassmann integral is a linear mapping and defined as
the Grassmann derivative:

Thus, we have

fd1p1=o, fdz/np=1

Integral of analytic functions

[awrw) = [ o+ 1w) = 1
fdll’ A(‘/}' 1/;) = fdll) (ao +ap+ a + alzﬁﬁﬁl’) =a; —a, Y

Grassmann 6-function
8 =) = [dne0=0) = [an (1= n(p - w)) = ~(w - w)
[aw st —w)r(w) = [aw @ = v) (o + ')
- f Ay’ (~fop + fol' — Frb’ + frp' ')

— 0+ fo+ [ @y’ 'y +0

= fo+ f1¥
= f(¥)

(5) Gaussian integral over a pair of complex Grassmann variables
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f dpdyp e~ WY = f dpdy (1 - ayp) = a
f dipdipyife=Pb = f dpdp (1 — afy) = f dpdpyip = 1

Gaussian integral over N-pair of complex Grassmann variables

N _
ry¥™T _ — wlAllp
1. f dy;dy; e Zif 7 = detA

1
> |

PiA;
3. f A dy; e Qi = (detA)(A™?)
i=1
where 4;; is an ordinary number and A is a Hermitian matrix.

PROOF:

1. Define a linear transformation

b = E AijY;
N J 17),4 » N
T.d _Zi' YT _ Toddy. Jo~ 2iPidi
f |i=1| dipidipie =i f |i=1| dide;Je

The J acobian rule is

fﬂdwlwl 1= fﬂdqblth - fl_[dqbldetaw]

Hdv,l)l = detAl_[ do;, The Jacobian is |detA|
NOTE

This is opposite of the Jacobian rule for ordinary integrals.

s =Y By, i )
j 1_[ dl/_)ldlpz e TR detAf 1_[ dl/jld¢)l e” zilpid’i
i=1 i=1

= detAﬁfdt/;iddn (1—-vie;)
i=1

= detA

~
|z I

=y Bty (TP nidijn;
dl/)ldl/)le Zl] yvj Zi(l i ll):(detA)eZU iy g

- o~
|z||
)

Alternative approach:
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Make a unitary similarity transformation to diagonalize A
D = UTAU

Let; = ZU RE Zw, ;i

ikl
The Jacoblan is |detU| =1

Z (iD= Z(lpkUki)Dii U;gl/)z) = Zl/;iAijlpj
ij
N
- _ —Zi@it“iﬂl)}'
| L_l[dwldwl e L

.n ZN‘ 4
Y N =

—[déd(i e~ 2 Silidi

fd?idii(l —{iDyiG;)

~
1]
=

—-

Dii = detD = detA

~
1l
[N

2. Define the transformations

Z 1771
ij
ZII)AUII)J anAkl l]l/)] ZI/)AUAJI m

ijk

+ z MkAii Aij Ay my
kL

ijl

21»0 Aljlp] anlp](skj lelmz il +an 'yl nlakj

jkl
= z DA — Z niy; — Z Pin; + Z 1A',
ij i i ij

Since the Jacobian rule is
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] - ll’iAijll’j+ (@Mi+in;)
| —[dwldwl 2,
=Y piAypsty magtn
| Bl oo
i=1
N
A 1 - ) Pidijpj
—ezij ] ]-[Hdp—ldple Z” JF]

ni4; 77
= (detA)eZ ym

|
3. With the help of identities
o 9 .
Wit — — _—_ pMiditdim
Wit Pini — —_ pTiitPim;
vie o ©

Thus, we obtain

N N )
f 1—[ dipdi; Hlpi’ﬁi €_Zij DiAijP;
J Hdwldwlﬂ___e S Bty ubesion)

R At
=—| | = (detA)eZ I
10M;0m;
i=

= (det A) (A1)

B. FERMION COHERENT STATES

(1) We require that Grassmann numbers anticommute with the Fermion

operators,

=%6H



{lpi’éf} = {lpi'é;} - {lﬁ"’éf} - {"Ei' éjJr} =0

Define the Fermion coherent states:

N N N
) = [0, s ) = e‘zizlwici*lo) _ ne—wiéi 0y = 1_[ (1-wicl)10)
i=1 1

i=

N N
(6] = (b, ] = (0le™ Zima P = o] [ et = o[ (1 - eap)
i=1 i=1

(2) Coherent states are eigenstates of the annihilation operator ¢;
PROOF:

For the single state i:
A _ . At — _aaq. At
& (1= wiel)10) = —eapicf10)
= ;¢;¢]10)
=y, (elei+1)10)
=1;(0)
Since Y2 = 0 = ;]0) = 1;]0) — PZ¢f10)

& (1—wich) 10y = wiloy —w2et10) = i (1 - wiel) 10)
Thus, we get

alw) = [ (1=wel)wi(1-icl) 10y

j#i
=] [(1-we)) 10
J
N et
— e 2" o)
= Pi[)
Similarly,
(wlef = (Wl
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Action of c”iT on a coherent state is a derivative

ety =t (1-wieh) | [(1-ws) 10y

JE!
= [ [(1-we)10
J#i
__ 0 At at
d
= "oy, ¥)
Therefore,
d
alw)=wilv) ) =~ 1v)
_ 0
(wlel = Wl (la =75l
(3) The inner product of two Fermion coherent states
N N
ww) =] [a- aw;)) (1_[ (1-we) |o>>
i=1 =1
N :
= | [{o]t - &b = wye + eiwsef o)
- (o 1+ Pipyéet 0>

[ (o 1+ (e + 6y) |0>

|= <
S

= | [(ol1+ Biwilo)

4~ h
|z 1l
~ Ll o

I
—
=
[0}

<
A
o
=
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= The set of Fermion coherent states is non-orthogonal.

OS:
As a consequence of their nonorthogonality, any Fermion
coherent state can be expanded in terms of all the other Fermion
coherent states. So the Fermion coherent states are not linearly

independent.

The resolution of identity for the Fermion coherent states reads,
[ T [icwie Zebviy)u] = [apaw e ] = 1
i

Thus, the set of Fermion coherent states is "overcomplete".
PROOF:

Using [) = 10) — [1), (| = (0] — (1], we have
[ @ e )| = [ (1 - Fw)(10) - wiv) (01 - (1)

- f dipdyp (1 - )
x (1001 — YI1)(0] — BI0)1] + Yipl1)(1])

Since
fdz/_)dtp ~0, jdz/_)dv,bzp - Jdl/;dlpllj —0
we obtain

f dipdip e~ )| = f dipdyp (1 — ) (10)0] + Yl 1)(1])
= [ awaw (~pyloxol + ypina)

Since

[ awpa i =~ [ dippyp = -1
we obtain

f ddp e~ PV [)(p| = [0)0] + [1)(1] = 1



D

3-2 Field Integral

FUNCTIONAL INTEGRAL REPRESENTATION OF
PARTITION FUNCTION

The partition function

Z = Tre BH-uN) = z <n|e_3(ﬁ_”’v)|n>
n
where |n) = |ny,ny, -+, ny) = c“;rc“;r C“;\L,IO) are bases in the Fock space.

Insert the resolution of identity in terms of Fermion coherent states,

Z =" nl [ diap e )l e EHDpn)

1
= [dpapeP Y (nhy)ple PP
where [Y) = [y, ..., Yy)

Here,

(n|y) = (0]éy - &1 W) = Yy - Y1 (01))
Let eB(E-1M)|) = Zam’) Zaeclcz ¢t10),
Thus, we obtain

(Wl BE-1Dn) = (] Z arle)

= > asplefe - efion
£

= Z a1y - lﬁN(d’lO){;

£

Since
(wlo), = <0|1_[(1 eapi) |10}, = (010, =1
N
ofp) = ol [ [(1=wieh)10) | = 010y = 1
i=1
we obtain
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WlePEDny = %" a, (plefe] - ef10) = ) oy Py
£ £
(n|y) = (0]e -+ Ex¢1[1h) = - Yoty

Thus, we obtain

<n|¢)(¢|e_‘8(ﬁ_”ﬁ)|n) = z apy - Poprhiha Py

£

= Z aﬂ/)ﬂ/;ﬂ/)zl/;z 1/JN1/_)N

£

= > au(=huthn) (~Patp2) ~ (~Pnibw)

7

= z ae(—ll_)l)(—ll_’z) Py
7

= (=ple FE-1Dn)(n]yp)

The partition function in terms of coherent states:
Z= fdx/?dzp e V¥ Z (—ple PE=ET) |ny(n| )
- f by =P (—pe AN N |yl )

=1

= [ @y e P (—yle BNy

(2) Dividing the "imaginary-time interval" f into M small steps

B8 = (o) here ¢ = &

7 = fdl/jodlﬂo e_lpowo(_lpol e—e(ﬁ—yﬁ) e—e(ﬁ—yﬁ) |l/)0>

M times

Insert M — 1 resolutions of identity
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Z= fdl/_iodv,l)oe"j’olpo (—y°|

X e—e(ﬁ—uﬁ) fdl/_)M—ldlpM—1e_17,M—le—1|¢M_1>(1/JM—1|

1

x e—e(ﬁ—uﬁ) Jdl/_)ldlp1e_17,1¢1|¢1)<¢1| e—e(ﬁ—uﬁ)

1
x [°)
= fdl/jodlpodlle_ldlpM_l dl/jldll)l e_g,oll,oe_@MﬂwM_l e—lﬁlwl

x (_lpo |e—e(ﬁ—;uv) |¢M—1><¢M—1 |e—€(ﬁ—#ﬁ) |¢M—2) _____
x (1/J1|e‘6(ﬁ""v)|1/)0)

Using the antiperiodic conditions:

=) ol
A ISR

we obtain

7= fdv,EMdz,bMdl/?M‘ldz/)M‘l e dPldyl e PV M TN Lo —9y!
(e CBuD ]y sy ol o)y 1-2)..
x (1/)1|e‘€(ﬁ‘“’v)|1/)°)

= j ﬁ dyp™dy™e” Zﬁzﬂmwm ﬁ(lpm|e—e(ﬁ—uﬁ)|¢m—1>
m=1 m=1

In the limit of infinitesemial € time interval

e~€(H-1N) ~ 1 — (A — uN) = 1 — e(H[et, ¢] - uN[et, ¢])
where H [6*,6] and N [6*, 6] are functions of operators ¢t and é.
Thus, we obtain

(™1 = e(H —pN)[p™")
= (™1 - e(A[e", ¢] - uN[eT, e]) ™)
= (™1 - e(H[P™, ™ = pN[P™ ™)
= () (1= e(H[P™, W] = N[, 1))
_ BT e (H [N [ )
where H[$p™, ™ 1] and N[yp™,p™ ] are functional of ™ and p™ 1.
Putting together all factors, we end up with
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Z= f r dmdy™ e~ Zmer VYT

e@mlpm—l e —E(H[l?)m,lllm_l] _MN [J,m’lpm—l])

X
="

m=1
Mm M B _ _
_ j —r dgﬁmdwm eZm=1_¢m¢m+lpmlpm—l_E(H[lpm’lpm—l]_#N[lpmrlpm—l])
m=1
M M _ _
_ f‘_r i wme—Zm=1wm(wm—wm-1)+e(ﬂ[wm,wm—1]—mvlwmywm—l])
m=1
M _
= [T ] aimaym e-stimam
m=1
where

M
S[p™,ym] = z (™ — 1) + e(H[™, ] — uN [P, 1))
m=1

Continuum limit M — co. We can then (symbollically) write

M
m _ ym-1
St ym] = z e W) (i, gm) - )
™ u
m __ ym-1
=¢ z ll_}m Q/’__?w__z + H[lﬁm,l[)m_l] _ ,llN[ll_)m,ll)m_l]
" m=1
B m-—1
Let € Z - | dr,and p™ (_Eb__ﬂ__) - l/)(T) l/)(T)
m=1 0
NOTE:

The notion of replacing differences by derivatives is purely
symbolic for Grassmann variables. There is no numerical values
for ™ —yp™m-1,

We obtain

_ B(_ 9 _ _
s1.91 = [ ar {50 300 + 1B, 900 - i, ol
0
with the antiperiodic conditions ¥(8) = —(0) and y(B) = —(0),
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inherited from l/jM —% and PM = —y°.

fﬂdl/)mdll)m St = fD[lp ] e=Stwv]

(4) Functional integral for the partition function of a many-particle

system,
fdl/)dd) e~V <—1/}| —B(H—MN)|¢> ..... (a)
f 1_[ dypmdy™ e ST . (b)
=1
= JD['ﬁ p]e Sl ... (¢)
where

SEpm ™l = ) =yt = e(H[E, Y] - g, )

m=1

N ) )
S v] = | dr {wm %@ + H[P@,¥(@)] - uN[¢<r).¢(r>]}

(5) The action of fermion fields

H= Z skck(r)ck(r) += 5 z V(q)ck+q(r)ck/ (D) (1) ()

kk'q
= Z HOLAO
Using that ¢
Ce|w) = wic|w)
(¢|Ck (Wl

They are written in terms of Grassmann variables.

H= Xskwk(ﬂwk(mzzv(q)wm(r)wk' (P (D (1)

kk'q

N = Z Yr (DY (1)
X
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_ g _ 0 _ _
sfivl = | ar{ O )+ (D) = )

1 _ _
+ E]; V(Q)lpk+q('[)lpk1_q(T)l[)kr(r)wk(r)}
a
Let $p = & — 1
_ g T
Sl ] = f dT{z P (1) [— + fk]l/)k(r)
"2 Z V(@)bierq@dbir—g @ (T)llik(T)}

kk'q

B. FREE FERMION FIELDS

(1) The action of a free-fermion system,

H = Z exPr (D Pr (1)

K
_ Bo_ 0
S[ll’: 11’] = Zfo dT{lpk(T) [a + fk] wk(T)}
K

Fourier series expanswn of Y (1) and the inversion of l,l)k(iwn) are

Y@ = — Z “ionty (i)

n_—OO

i(iwn) = ﬁfo el“nTy (1) dt
_@n+ D
where w, = ——EL——
Sl y] = Z lfﬁ e~H@n—wn)T gr {lﬁk(iwn)(—iw,’l + & )Pk (lw,’,)}
k,n,n’ﬁ 0
1 _
7880 = 1) (e (10n) (04, + )03
knn'

= Z Pie(iwn) (—iwn + &) (iwn)

(2) Since the transformation Y(7) = l/)(ia)n) has unit Jacobian, one obtains
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7= f D[, 9] e—Zk,n Pi(iwn)(—iwn+Er)Pr(ion)
- 1_[ fD [’75' 1/’] e_J)k(iwn)(_iwn"'fk)‘ll)k(iwn)
kn

= n(—iwn + Ek)
kn

(3) The free energy is
F= ——-an = ——-Zln( iwp + &)
First calculate the summatlon of Matsubara frequencies,
Z In(—iw, + &) e'n"
We no:;v perform the sum by the method of contour integration
I = E%if(z) ln(—z + Z) eNdz

where the contour C is chosen such as to avoid the branch cut of the
function ln(—z + Z).

S

Evaluate the integral along the contour C directly:
1—100()1( +'+)d+1f<_()l( n+{)d
_27ri€_f€n e+in+{)de 27Tioofen €e—in+{)de
1 [00]
:EEL_f(e)[ln(—6+ir}+()—ln(—6—in+{)]d6

where (T = — 0%
Use
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=t e L e
fE_ef+1_1+e‘f_ den €

Integral by parts

1 d
——f{ <—d—-ln|1 + e‘6|> [ln(—e +in+{)—In(—e—in+ {)] de

2mi

1
=Zr_i.[— In|1+e” El——[ln(—6+lr)+§) ln(—e—m+{)]d6

1 (00}
— | Injl+e”€
Zm'_[_ nl1+e l[ 6+ln+§ —e—m+(]

1 r® 1
=—| In|1 —€ —
Znif_ nil+e l[e—(—ir) e—(+ir)]d€

Since 1_, —? ! _md(e—()
6—(+lr] —q
I=E% - In|1+ e~ 6|[m6(6—()+m6(6—()]d6
=L_ln|1+e“"|6(e—()de
=ln(1+e‘<)

Thus, we have

z In(—iw, + &) e'n" .
n=
—%; In(—iw, + &) = —%Z In(1+ e‘ﬁfk)

= ln(l + e‘ﬁf")

. APPENDIX: SOLUTIONS OF PARTITION FUNCTION

. From equation (a):

Z= j dpdip e~¥¥ <—¢|e-ﬁ(ﬁ—uﬁ)|¢>
_ fdll_)di,be_lplp(—lﬂe_ﬁzk&é;éklw)
- [ fatavevoi-siessciu
k

We cannot simply replace é,i and &, by =, and ¥ respectively in the
exponential. This is because when we expand out the exponential, not
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all the ¢, will be acting to the right on |l,l)) and neither will all c“,i' be
acting to the left on (—gl)l. We need to convert the exponential to its
normal-ordered form in which all the creation operators stand to the

left and all the annihilation operators to the right.
_geete a1 o a )2
e Piucit = 1 — peefe, + - p2¢k (efe) -
Since

2
(chen)” = efanefen = ef (1-clae) & = élex
—BEete. At a L 2i2ata
e k=1 — By Cre +§‘,ﬁ $icCrCre — -

1
—1+ (—ﬁfk + 5 B2 - ---)é,ték

=1+ (e P —1)¢le,
we obtain

7 = njdl[jdlp e~ Vv (—1/)|1/)) (1 + (e_ﬁgk - 1)(_1171/)))
Since

(—p|p) = (0]eZx ek = Xk ¢k5;:r|0)
= o] [ +adi) (1-wee]) 1)
k

= 1] [(1-Pivutec]) 10)
k

= 1_[ e~ Vidr
k
= e~ 2k Vi
= 6—17)1P
we obtain
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z=| :jdl/;dlll e 2V (14 (e Pk — 1)(—yp))
=[] [ w1 = 2 (1 + (7% = 1)(~0)

= Jdl,l_)dv,b (~(1 +esypy)

= (1 + e_ﬁfk)
A.kAL
Take logarithm of Z to obtain the free energy
F = ——-an = ——-Zln(l + e‘ﬁf")

II. From equation (b):

M
= M dy™ e =S Y™
fl:[ldzp dyp™ e =SIP™ b

M
STy = ) [ - ) + ey

D[y + (e - P

m=1

Fourier expansion
M M
l/)m = _1__2 a e—iwnme J’m — _1__2 a eiwnme
\/_ " \/anl i
M
S = Z[anan + (Efk — 1)ana elewn] = Z anan[l _ e—eEkeiemn]
m 1n= n=1

Since the transformatlon 1 = a has unit Jacobian, one obtains

. .
Z _f da da e_ank,nak,n[l_e—éfkelé-wn]
= | || | kn@Qgn
k n=1
M
e
k n=1

Since
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M
1_[(1 — e Skeleon) ~ 1 + e MLk = 1 + e Flk

n=1
. 2n+1)m ; ien+m
with Wn =(—7)—:>€lewn =e M =-1
we obtain

Z = 1—[(1 + e‘ﬁf’f)

Alternative approach:

Let a=1-—¢€&,
Vi 1 0 0
_ Y2 _[-a 1 0
Wi : | Sk 0 —-a 1
vl o

7= jndﬁjkdwke—wksk'wk
k

Make a unitary similarity transformation to diagonalize S
D, =UTS, U

Let M = Y U, m = Ui,
M Dy My = Mg - UTS, U my = Py - S - P

The Jacobian is |detU| =1
Dmm = HdetDk = ndetsk
1 k k

7 = jl_[dﬁkdnk e Mk DMk — 1_[
k
(1+(1-e)")

e

k
detS, = (1 — (=DM 1(—a)M)
AsM - x
detS, = 1+ e Bk

Z= 1_[(1 + e Pék)

Take logarithm of Z to obtain the free energy
1
F = ——-Z ln(l + e‘ﬁ‘fk)
B k

3
i
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3-3 Generating Functionals
A. GENERATING FUNCTIONAL OF GREEN'S FUNCTIONS

(1) Matsubara Green's function
Gr,ur,t) = —(T[PC, OPT (', t")])

==Y u o (T[e @ @)
> <

= @) 6T,

vv'!

where G(v,7;Vv',T") = — <T [6v(t)é;r/ (t')]).
In k-space, we have
oI 1 —ik'r" ik o
Gr,;r, )y == ) e T e Gk, 1;k',T")

N
kk'

_ 1%]2 e—i(k'=K)r' gik(r-7") G(k,t; k', 7"

kk'
Since G(r,7;r',t") = G(r — r',1,7"), the dependence on ' on the R.H.S.

must vanish. Therefore, the k-space Green's function is nonzero only
when k = k', ie., G(k,7; k', 1") = &), ,rG(k,T,7"). Thus we get

1 . I
Gor—r',7,7) = I—V-Z k(=) Gk, 7, 7')
k
where

Gk,T7,7)=— <T [ék(r)é; (T')D

_ Lo [o-sa-um)g [6,((1)62(1’)”

Z
[ Tr e‘ﬁ(H_“N)ék(T)éZ(r’)]
— - — ,fort>1
Tr [e_B(H_HN):I
=< _ ~ _
Tr e‘B(H‘”N)é;r(r’)c“k(r)
- — ,fort <1’
Tr [e‘B(H‘”N)]

(2) Write the Green's function as a functional integral
Fort>1'
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The numerator:
Tr [eF-uMe, (el )]

- f dipdp eV Z“‘ e @) (w|et e FE-1R) k)
k
= [apap y(@wee ™ Y (kly)wle s Gl
k

= [ dpap prp e —ple B N )ikl )
k

1
= [aBay p@BEe Pl E-mDly)
= [ DB vl @ P e

The denominator:

Tr [P0 = f by e (k) ple A4 k)
k
= fd(/;dll) e_IYJIP(_l/)le—B(ﬁ—#I’V\)llp)

= f D[, ] e~Sth#l
[ p[pyly@a)e ol

Glen) [ D[P, ] e~STo]

Fort <1’ _
= J D[, ] P yp(x)e S ¥]

J D[, ] e=STb¥]
= —ID[J" Yl @ )e SHY]
) J D[, p] e~S¥¥]

Thus the Green's function can be written as a functional integral.
[ D[yl @p e Sl
[ D[, ] e-STow]

(3) With the help of the identities

G(k,T,T")

G(kl T, T’) =

= —(Y@OPE")
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B(r)eh a@P@O+pE@®) _ oJo (MDY@ +H@N ()
577(T)
p(r)eh TIOPO+HPE®) _ ol a(A@W@+H@N()
5n(r)
where 7] and n are Grassmann sources that couple linearly to the fields
Y and .

The two-point Green's function can then be generated as

6O @) == 50 [ DA w1

Y (o1 glesipwl =85 oo ax(M@W@+H @)
= ~gq07 | PP e

7=0
n=0

) [1]6 108 ( )f [,] ST ISs ax(T@V@+bOn)
n(t)on(t’

ﬁ
n

where Z[0] = JD[I/;, Y] e_S[J)’I’b]

(4) We can define a generating functional of Green's functions as
_ 7 B . 5
2lin] = [ D] eS8 v wnc)

The Green's function can then be expressed in terms of functional
derivatives,

G(Zn)(‘rl, T )
1 8§ Z[m,1]
z[a,n] &n(xa) - 8(za)on(wn) -+ on()|__

EXAMPLES:
1. The action functional of free fields is given by

_ B _ d
Sol.y] = JO dr(7) (5; + fk)ll)(f)
d
Let Gy! = Frs &

B
Sol 9] = jo TG P()

2. The two-point Green's function in terms of functional integral:
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/D[, w]w(r)lﬁ(r')e—ff dTp(7)Go "P(7)
[ D[, ] e o 4H@G ¥
det(Gy*) Go

Gk, 1) =—

3. The two-point Green's function derived from the generating
functional:

_ B _ B B
Solh] = | ded@Gs w(@) = [ dudr $@65" 5 - TICr)
0 0
The generating functional of free fields Z, [ﬁ,n] is given by
Zolinl = [Dlp.v]
o o= 1) arar b6 8(x—" V(e 1+ fF ar(@w@+B@n (@)
- det(Go—l) ef drdt' (1) 66 (z-7")n (")
= det(Go_l) ef dtn(v)Gen(r)

Thus, we obtain

@y — L 07Z1mn|
¢ = 7, Simen

ﬁ:n:o

o) ATT@GN(@)

6n(t)én(7)
= G,

B. GENERATING FUNCTIONAL OF CONNECTED
GREEN'S FUNCTIONS

(1) The link-cluster theorem:
We consider a many-body system with an interaction,

[, 9] = So[, 9] + S0 9]
B _ 0 —_
- [ awae {wm <a + ek) V(@) - V[, w]}
0

The interacting partition function and non-interacting partition
function are

=FE24H



2)

- f D[] e~SolB-suliw]
Zo = f D[, p] e=Solb]

Thus, we obtain
Z f D ['(/_), l/)] e —=So [w'w] e —Sint [J’ﬂp]
Zo [D[pp]e-Sol¥¥l
_ (e ~Sing [w]>

(=1 )

(S, v])

n=0
The link-cluster theorem states that an£ is the sum of all topological
0

nonequivalent connected diagrams.

Z n"
= n— = & ) — (s [¥, 1/)])mnn = Z connected diagrams

Zo n=0
We can define a generating functional of connected Green's functions
as,

W[ﬁ, 17] = an[ﬁ,n]
where the generating functional of Green's functions is

z[a.m] = J D[, ] e~ SolPl=Smlb v+ ly ar(a@V@+bon)

The connected Green's function can then be expressed in terms of

functional derivatives,
§7w(m,n]
2 1 ’
GC( n)(TlJ ...’Tl, cee ) =

6i(1) - 67(va)on(eh) - on(T)]

NOTE:
The generating functional Z [ﬁ, r)] provides the full Green's
function and the generating functional W[ﬁ, r)] gives only the
connected Green’s functions.

EXAMPLES:
1. The two-point full Green's function
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2) A W S A I — Tt
@ (r,7") = ZosTm| Y@ (")
n=n=

contains connected and disconnected diagrams, i.e.,

@

connected disconnected

G +
+ o

The two-point connected Green's function is given by

_1’:

__S8 (18z[an]
~ s \Z o)
_ 1 .8°z[qn] 1 6z[7,n]8z[nn]

S Z&(@én()  z% &) an(r)
= —(W@P@)) + YO)P ")

The second term precisely contains disconnected diagrams.

. 2 . .
Therefore, in GC( ) the disconnected pieces cancel and connected
pieces remain.

2. The generating functionals of free fields are
Zo[71,n] = det(Gg?) e/ ¢TGN @

W[, ] = In Zo[fn] = [ dede’ G

@ 1.0
@) sn(r)én(z")|_
n=n=0

The only connected Green's function, for free fields, is the two-

=—G,

point Green's function.

C. GENERATING FUNCTIONAL OF IRREDUCIBLE
VERTEX FUNCTIONS

(1) Self-energy and vertex function

e

®,

% Energy: E(T)/c,(T) — Calorimetry

Self-energy ‘ % Spectrum: A(w, k) — (AR)PES,STM, ..

V. 97 5
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2

©)

. Self-energy % Spectrum: A(w, k) — (AR)PES,STM, ...
1P i/ 9,{ s; 9% % Energy: E(T)/c,(T) — Calorimetry
2 F4
level ¢ E * & Magnetization: m(T) — Magnetometry
[ | Vv
ertex » o ++ Spin susc.:xs“fq — INS,NMR, ...
2P ‘ %V %+ Conductivity: 6(w) — Reflectivity
level |« g

| F | o ++ Compressibility: k

The action of interacting fields is given by

[, 9] = So[th, ¥] + Siue[ ¥ ¥]

B _ 0 _
= f drdt’ {l/)(‘[) <a + €k> Y() =V[, l/)]}
0

The generating functional Z [ﬁ,n] is given by
2] = f D[, p] e~SIPwI+ 1 ar(f@w@+Pp@n@)

The generating functional W[ﬁ,n] is given by
W[ﬁ, 17] = 1nZ[ﬁ, 17]

Introducing the conjugate function of W[ﬁ, n] as

—57[@—)—] = (YD), = ¢@
SWin,n =~
) ~(Pr(@),, = —6@)

The Legendre transformat1on of W[ﬁ,n] with n(t) and ¢ (1) gives
B
6. ] = [t (106@ + @) - Wl
0

The generating functional F[qg, gb] generates vertices functions and is

called the effective action. The vertex functions I@™ can be obtained
by

e Ibol

(2n) veeq! =
P ) = ey 3006 () ~ 6%

$=¢=0
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EXAMPLES:

1. The vertex function I'®

52T(p, ¢] § Or[p,¢]
) N —_ vl _
M) = Smss@|. 560 6@
p=¢=0
Since
st(g, 0] (B, (67 . 6B s
S0 (&5—(5“’ 560 1 560 ¢ ))
—Jﬁdr’ sn(@) éW(n,n]  on(") ow[m,n]
o T \8p@ G T sp(m on@)
— p ! §i(i)_ ! ! _67](‘[’)_ !
- [[ar (S o+ a0t - - 5K 6
I LY G (GO PN () )
fodf< ) + E )
=n(7)
Similarly,
orig.¢] _
50 17(;)
r@e, ) = %TT’_)TI(T)

Consider the convolution of I'® and GC(Z)

jdr’ F(Z)(T,T’)GC(Z)(T',T”)

f ,_OTle ] | _o*W[an]
Sp(t)6p (1) g0 sn(t")sn(r") peno
_ [aw 2260 50
sp(t') dn(x")
_ @
~ on(')
=6(t—1")

The Fourier transform gives
I'@k, )G, (k,w) =1
=Tk, w) = ——1——

' Gc (k, w)

From Dyson equation
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1 _ 1
GC(kl (1)) B Go(k' (1))

1
= F(z)(k, (U) = EXk_w_) - 2(0))

—X(w)

. The vertex function F(gz) of free fields
The functional W, [ﬁ,n] of free fields is given by

W[, ] = InZo[fn] = [ dede’ DG

The conjugate function of W[ﬁ 7]] are

5w, n]

_517[(‘[) ] =¢(1) = fd‘t Gon(z")
SWin,n )

_8_11(_‘[7 =—¢(t) = deU(T)Go

= Wo[7,n] = f dr (@) = j drdr’ (D)8 — )P
Since <(—% + €k> Go=6(—1")
_ _ d
Wolmn| = fdrdr’ 7(7) (——, + €k> Gop(z")
f dr’ ¢(r)<——+ek>¢<r')
_ _ ad
= 1l ] = Walnn] = [ v’ 30 (5 6 ) o)

“T[o.¢]
S 1P ) = 2P
CORIC M
(0
= (5—,+fk>5(‘[—‘[)
=Gylo(r—1)
The Fourier transform gives
r? (k, w) = L
Go(k, w)

. The vertex function I'® is
r®(k,w) = T2 (k, ) — Z(w)
The vertex function I'® contains one-particle irreducible (1PI)
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vertices.
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